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A new non-associative algebra for the quantization of strongly interacting fields is proposed. The
full set of quantum (±)associators for the product of three operators is offered. An algorithm for the
calculation of some (±)associators for the product of some four operators is offered. The possible
generalization of Hamilton’s equations for a non-associative quantum theory is proposed. Some
arguments are given that a non-associative quantum theory can be a fundamental unifying theory.
I. INTRODUCTION
Probably the most important problem in quantum field theory is the quantization of strongly interacting fields.
Ordinary canonical (anti)commutations relationships are valid for free noninteracting fields only and the algebra of
interacting fields differs from the algebra of noninteracting fields. Especially such algebra is important for under-
standing of confinement problem in quantum chromodynamics. In this Letter we would like to show that there is a
possibility to generalize the standard quantum theory on a non-associative way. We will present quantum associators
(antiassociators) for the product of three and four operators, check the self-consistency of these definitions in some
cases and generalize Hamilton’s equations for a non-associative quantum theory.
One can point to the possible impact of non-associative algebras on: string theory [1], [2]; dimensional reduction
[3]; matrix model [4]; Dirac’s monopole quantization procedure [5], [6]; non-associative quantum mechanics [7], [8],
[9], [10]; quark confinement [11], [12]; classical integrable system [13]; a unified description of continuum and discrete
spacetime [14]. There are a few monographs and textbooks with mathematical definitions and physical applications
of non-associative algebras in physics: [8], [15], [16], [17].
In Ref’s [18] and [19] Dirac’s operator and Maxwell’s equations are derived in the algebra of split-octonions. The
results of these papers are very interesting and results in the questions: why Dirac’s operator and Maxwell’s equations
can be formulated on the octonionic language ? It is possible that a non-associative quantum theory in some limits
bring to Dirac’s and Maxwell’s equations that may be similar to the connection between M-theory and of all kinds of
string theories.
In conclusion we want to note that a non-associative algebra presented here is different from the non-associative
algebra presented in Ref’s [9], [10]. The difference is that the anticommutators {qi, Qi}+ = 0 here but {qi, Qi}+ = 1
in Ref’s [9], [10].
II. PRELIMINARY REMARKS
In this Letter we consider operators qi, Qi, i = 1, 2, 3 which are a non-associative operator generalization of split-
octonions numbers q˜i, Q˜i (the multiplication table of split-octonions is given in Appendix A). One can say that qi, Qi
and q˜i, Q˜i are like q and c-Dirac numbers in the standard quantum mechanics.
We now make some remarks about the calculation of the associators/antiassociators. Let the operator A1 is
A1 = (ab) c (1)
where operators a, b, c are some product of na,b,c non-associative operators qi, Qj and A2 be the same operator but
with a different arrangement of the brackets
A2 = a (bc) (2)
∗ Senior Associate of the Abdus Salam ICTP
†Electronic address: dzhun@krsu.edu.kg
2If a˜, b˜, c˜ are the corresponding split-octonions then A˜1 and A˜2 are the corresponding octonions after the replacement
a→ a˜, b→ b˜, c→ c˜ and then
A˜2 = ±A˜1. (3)
This permits us to define the corresponding quantum (±)associator
{a, b, c}± = A2 + (±A1) = (ab) c± a (bc) (4)
where {a, b, c}± is the associator for (−) and antiassociator for (+).
We will say that the (±)associator {a, b, c}± is (±)flexible if
{a, b, c}± = −{c, b, a}± . (5)
III. QUANTUM (±)ASSOCIATORS FOR THE PRODUCT OF THREE OPERATORS
In this section we present the quantum (±)associators (which have been offered in Ref’s [9], [10]) for the product
of three operators. The anticommutators are
{qiqj}+ = 0, (6)
{qiQj}+ = 0, (7)
{QiQj}+ = 0 (8)
{qiQi}+ = 0 (9)
and for identical indices here we have to note that the anticommutative relation (9) is different from similar rela-
tion in Ref’s [9], [10] where {qiQi}+ = 1 (which are the ordinary canonical anti-commutation relationships for the
creation/annihilation fermion operators). The quantum (±)associators with different indices m 6= n, n 6= p, p 6= m are
{qm, qn, qp}− = (qmqn) qp − qm (qnqp) = 0, (10)
{Qm, Qn, Qp}+ = (QmQn)Qp +Qm (QnQp) = ǫmnpH3,1, (11)
{qm, Qn, qp}+ = (qmQn) qp + qm (Qnqp) = ǫmnpH3,2, (12)
{Qm, qn, Qp}− = (Qmqn)Qp −Qm (qnQp) = ǫmnpH3,3, (13)
{qm, qn, Qp}− = (qmqn)Qp − qm (qnQp) = ǫmnpH3,4, (14)
{Qm, qn, qp}− = (Qmqn) qp −Qm (qnqp) = ǫmnpH3,5, (15)
{qm, Qn, Qp}− = (qmQn)Qp − qm (QnQp) = ǫmnpH3,6, (16)
{Qm, Qn, qp}− = (QmQn) qp −Qm (Qnqp) = ǫmnpH3,7 (17)
where H3,i are some operators and in contrast with the previous papers [9] [10] we assume that these operators can
be new operators not the linear combination of q,Q and qQ; Eq. (10) means that the quaternionic - like subalgebra
spanned on q1, q2, q3 is the associative algebra. It is easy to see that (±)associators (11)-(17) are (±)flexible. The
quantum antiassociators for the product of three operators, such as q(Qq) or Q(qQ), having two different indices
m 6= n are
{qm, Qn, qn}+ = qm (Qnqn) + (qmQn) qn = H3,8(m,n), (18)
{qn, Qn, qm}+ = qn (Qnqm) + (qnQn) qm = H3,9(m,n), (19)
{Qm, qn, Qn}+ = Qm (qnQn) + (Qmqn)Qn = H3,10(m,n), (20)
{Qn, qn, Qm}+ = Qn (qnQm) + (Qnqn)Qm = H3,11(m,n). (21)
3The quantum associators, such as q(QQ) or Q(qq), and with two different indices m 6= n are
{qm, Qm, Qn}− = (qmQm)Qn − qm (QmQn) = H3,12(m,n), (22)
{qm, Qn, Qm}− = (qmQn)Qm − qm (QnQm) = H3,13(m,n), (23)
{Qn, Qm, qm}− = (QnQm) qm −Qn (Qmqm) = H3,14(m,n), (24)
{Qm, Qn, qm}− = (QmQn) qm −Qm (Qnqm) = H3,15(m,n), (25)
{Qm, qm, qn}− = (Qmqm) qn −Qm (qmqn) = H3,16(m,n), (26)
{Qm, qn, qm}− = (Qmqn) qm −Qm (qnqm) = H3,17(m,n), (27)
{qn, qm, Qm}− = (qnqm)Qm − qn (qmQm) = H3,18(m,n), (28)
{qm, qn, Qm}− = (qmqn)Qm − qm (qnQm) = H3,19(m,n) (29)
where H3,i(m,n) are for the time undefined operators. The alternativity properties are
{qn, qn, Qm}− = 0, (30)
{qn, Qm, qn}− = 0, (31)
{Qm, qn, qn}− = 0. (32)
IV. SELF - CONSISTENCY OF QUANTUM (±)ASSOCIATORS FOR THE PRODUCT OF THREE
OPERATORS
In this section we will check the self-consistency of the (±)associators for the product of three operators. For this
we will permute the first and third factors in the product a(bc) following to the commutative diagram
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(33)
The quantum associators (11)-(17) are the same as in Ref. [9] and consequently the verification of the self-consistency
is the same.
The calculations with two equal indices give us two possibilities. The first one is
q1 (Q1Q2) = Q2 (Q1q1) +H3,13 (1, 2) +H3,10 (2, 1) (34)
here we use the upper row of the diagram (33). The lower row gives us
q1 (Q1Q2) = Q2 (Q1q1)−H3,12 (1, 2)−H3,11 (2, 1) +H3,15 (1, 2) +H3,14 (1, 2) . (35)
Comparing the rhs of Eq’s (34) and (35) one can assume that
H3,10 (2, 1) = −H3,11 (2, 1) , (36)
H3,12 (1, 2) +H3,13 (1, 2) = H3,14 (1, 2) +H3,15 (1, 2) . (37)
The pair indices (1, 2) in Eq’s (36) (37) can be replaced by any other pair indices (i, j).
Eq. (36) tells us that the associators (20) (21) are (+)flexible
{Qm, qn, Qn}+ = −{Qn, qn, Qm}+ (38)
For the second case the upper row of the diagram Eq. (33) gives us
Q1 (q1q2) = q2 (q1Q1) +H3,8 (2, 1) +H3,17 (1, 2) . (39)
The lower row gives us
Q1 (q1q2) = q2 (q1Q1) +H3,18 (1, 2) +H3,19 (1, 2)−H3,16 (1, 2)−H3,9 (2, 1) . (40)
Comparing the rhs of Eq’s (39) and (40) one can assume that
H3,8 (2, 1) = −H3,9 (2, 1) , (41)
H3,16 (1, 2) +H3,17 (1, 2) = H3,18 (1, 2) +H3,19 (1, 2) . (42)
The pair indices (1, 2) in Eq’s (39) (40) can be replaced by any other pair indices (i, j).
Eq. (41) tells us that the associators (18) (19) are (+)flexible
{qm, Qn, qn}+ = −{qn, Qn, qm}+ (43)
4V. QUANTUM (±)ASSOCIATORS FOR THE PRODUCT OF FOUR OPERATORS
The basic idea for this section is to define quantum (±)associators for the product of four operators using
(±)associators for the product of three operators. For this we assume the following algorithms
{ab, c, d}± ≡ ((ab) c) d± (ab) (cd) = a {b, c, d}± + {a, c, d}± b, (44)
{a, b, cd}± ≡ (ab) (cd)± a (b (cd)) = {a, b, c}± d+ c {a, b, d}± (45)
where a, b, c, d are the octonion-like operators qi, Qi.
Now we will check the rules (44) and (45) for some products using the following commutative diagram
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(46)
here we permute the second and third factors b, c.
Now we will calculate a few examples. Using the commutative diagram (46) we have for the product (q1q2) (q3Q3)
(q1q2) (q3Q3) = − (q1q3) (q2Q3)− q1 (H3,18 (3, 2) +H3,19 (3, 2))−H3,18 (3, 1) q2 −H3,4q3 = (47)
− (q1q3) (q2Q3)− q1 (H3,18 (3, 2) +H3,19 (3, 2)) + q2H3,18 (3, 1) + q3H3,4 (48)
Eq’s (47) and (48) are deduced using upper and lower rows of commutative diagram (46) correspondingly (for details
of these calculations, see appendix B). Comparing Eq’s (47) and (48) we have
q2H3,18 (3, 1) = −H3,18 (3, 1) q2, (49)
q3H3,4 = −H3,4q3. (50)
It is evidently that Eq’s (47) and (48) are correct for any permutations of indices (1, 2, 3) → (i, j, k). It means that
the operator H3,4 can not include the operators q1,2,3 as the terms.
But not all is so simple here. If we apply the procedure (46) to the (−)associator {q1Q1, q3, Q3}− we will see that
the corresponding diagram is not commutative. The thorough analysis shows that the reason of this difference is that
{q1Q1, q3, Q3}− (−)associator has two pairs (q1Q1) and (q3Q3). In Ref. [9] the notion of white (colorless) operators
is introduced:
the white operators, µi, i = 1, 2, 3 are
µi = qiQi (51)
here i is not summed over. Thus we can assume that (44) and (45) algorithms are valid only for four a, b, c, d which
is not any combination of four qi, Qi, qj , Qj . In this case we have to assume
{qiQi, qj , Qj}± = H4,1, (52)
{qi, Qi, qjQj}± = H4,2 (53)
are new operators.
The definitions (44) (45) one can use for the definitions of other (±)associators. For example, one can use the
commutative diagram
((ab) c) d (ab) (cd) a (b (cd))
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to calculate
{a, bc, d}± = (a (bc)) d± a ((bc) d) (55)
5VI. HAMILTON’S EQUATIONS
The essential ingredient of any quantum theory is dynamical equations. Ordinary they are Hamilton’s equation(s)
dL̂
dt
= i
[
Ĥ, L̂
]
(56)
where L̂ is some operator, Ĥ is the Hamiltonian. Eq. (56) leads to the result that the commutator [, ] should be a
derivative [
Â, B̂Ĉ
]
= B
[
Â, Ĉ
]
+
[
Â, B̂
]
Ĉ. (57)
The question here is how we can generalize Hamilton’s equation(s) into a non-associative operator algebra. The well
known result is the Myung’s Theorem [20]:
A necessary and sufficient condition that an algebra A over the field F of characteristic not two be flexible Lie-
admissible is to have Eq. (57). This is precisely the derivative law
d
dt
(
ÂB̂
)
= Â
dB̂
dt
+
dÂ
dt
B̂ (58)
so that the consistent quantization requires the underlying operator algebra to be flexible Lie-admissible. Only in this
case Hamilton’s equation(s) (56) will be self-consistent.
An algebra A is said to be flexible if
{x, y, z}− = −{z, y, x}− (59)
where {, , }− is the associator; x, y, z ∈ A. An algebra A is called Lie-admissible if the Jacobi identity is valid
[x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0. (60)
Let us note that we use (-)associators and commutators in (59) (60) equations correspondingly. For probable gen-
eralization of this procedure we can: (a) change the commutator in Hamilton’s equation (56) on (±)associator, (b)
introduce associators and antiassociators on equal rights.
Thus the conclusion is to change rhs of Hamilton’s equation (56) for a non-associative quantum theory by the
following way
da
dt
= {a, c, d}± = (ac) d± a (cd) (61)
where {, , }± is (±)associator; a, b, c are non-associative operators and (cd) is a non-associative Hamiltonian. With
the definitions (44) and (45) the derivation law
d(ab)
dt
= a
db
dt
+
db
dt
a = {ab, c, d}± = a {b, c, d}± + {a, c, d}± b (62)
is valid at least for some four a, b, c, d. According to remark at the end of section VI a non-associative Hamilton’s
equation (61) is valid only for the case if (ab) and (cd) operators are not the white operators simultaneously. If (ab) and
(cd) are the colorless operators simultaneously the problem of the definition d(ab)
dt
with a white Hamiltonian remains
an open problem. But we have to do the following remark. A non-associative algebra of quantum operators considered
here should have associative subalgebras, for example it is the subalgebra spanned on quaternion-like operators q1,2,3.
One can assume that the white operators form associative subalgebras, so that
d(qiQi)
dt
= [qiQi, qjQj ] (63)
where [, ] is ordinary commutator.
On this way there is one big problem: it is necessary to proof the self-consistence of the definitions (44) and (45)
for all four (a, b, c, d) and for the product of n > 4 operators.
6VII. SUMMARY AND CONCLUSIONS
In this Letter we offer a new non-associative algebra which can be considered as an algebra of strongly interacting
fields. The values of some quantum (±)associators is offered. The self-consistency of the algebra on the level of the
product of three operators and for some products of four operators is checked. The prior analysis shows us that the
operators H3,1−7 are new operators which are not the combination of qi, Qi operators. Another interesting property
of the considered algebra is that (±)associators H3,1−11 are (±)flexible. For the definition of the product of n > 4
operators it is necessary either to consider (±)associators for the product of n > 4 operators following to an inductive
algorithm ((44) (45) for example) or to do some new assumptions about these (±)associators. One can assume that
so-called an invisibility principle [10] is valid.
This principle tells us: in a calculation with rearrangements of brackets in a product the white operator is invisible.
This implies that if there is a colorless operator on the lhs or rhs then the corresponding quantum (±)associator does
not have any operators which were in the colorless operator.
The white operators are operators where the change of octonion-like operators q,Q on the split-octonions bring to
the split-octonion I (for the definition of the split-octonion I see Table A). For example the operators qiQi are white
operators. In this case, for example,
{qm, Qn, qn}+ = qm (Qnqn) + (qmQn) qn = aqm (64)
where a is some real number.
The most intriguing problem for physicists in this consideration is: how one can apply a non-associative algebras
in physics ? The authors point of view is that if in a non-associative algebra there are associative algebras then only
the elements of these associative subalgebras have physical sense. It means that only these associative elements are
physical observables. The non-associative elements are not physical observables.
If non-associative quantum theory has such associative subalgebras as u(1), su(2), su(3), so(1,3) or even any
supersymmetry algebra then such theory can be considered as a fundamental theory which unifies gauge theories,
gravity and even supersymmetrical theories.
APPENDIX A: THE SPLIT-OCTONIONS
Let split-octonion numbers are designeted as q˜i and Q˜j . Here we present the multiplication rule of the split-octonions
numbers q˜i, Q˜j and I.
q˜1 q˜2 q˜3 Q˜1 Q˜2 Q˜3 I
q˜1 −1 q˜3 −q˜2 −I Q˜3 −Q˜2 Q˜1
q˜2 −q˜3 −1 q˜1 −Q˜3 −I Q˜1 Q˜2
q˜3 q˜2 −q˜1 −1 Q˜2 −Q˜1 −I Q˜3
Q˜1 I Q˜3 −Q˜2 1 −q˜3 q˜2 q˜1
Q˜2 −Q˜3 I Q˜1 q˜3 1 −q˜1 q˜2
Q˜3 Q˜2 −Q˜1 I −q˜2 q˜1 1 q˜3
I −Q˜1 −Q˜2 −Q˜3 −q˜1 −q˜2 −q˜3 1
TABLE I: The split-octonions multiplication table.
APPENDIX B: A FEW EXAMPLES FOR THE CALCULATION OF FOUR (±)ASSOCIATORS
At first we will calculate the following permutation
(q1q2) (q3Q3)→ (q1q3) (q2Q3) . (B1)
In order to calculate this permutation we start from the definition (44)
{q1q2, q3, Q3}− =((q1q2) q3)Q3 − (q1q2) (q3Q3) = q1 {q2, q3, Q3}− + {q1, q3, Q3}− q2 =
q1H3,18 (3, 2) +H3,18 (3, 1) q2.
(B2)
7Whereupon we have
(q1q2) (q3Q3) = ((q1q2) q3)Q3 − q1H3,18 (3, 2)−H3,18 (3, 1) q2 =
− ((q1q3) q2)Q3 − q1H3,18 (3, 2)−H3,18 (3, 1) q2.
(B3)
Eq. (B3) follows form the associativity of quaternions q1, q2, q3. Now we use the following (-)associator
{q1q3, q2, Q3}− =((q1q3) q2)Q3 − (q1q3) (q2Q3) = q1 {q3, q2, Q3}− + {q1, q2, Q3}− q3 =
q1H3,19 (3, 2) +H3,4q3.
(B4)
Eq. (B4) leads to
− ((q1q3) q2)Q3 = − (q1q3) (q2Q3)− q1H3,19 (3, 2)−H3,4q3. (B5)
Combining Eq’s (B3) and (B5) we have
(q1q2) (q3Q3) =− (q1q3) (q2Q3)− q1 (H3,18 (3, 2) +H3,19 (3, 2))−H3,18 (3, 1) q2 −H3,4q3. (B6)
Eq. (B6) is calculated using the upper row of commutative diagram (46).
Now we would like to calculate the same permutation using the lower row of commutative diagram (46). For this
we will use the definition (45)
{q1, q2, q3Q3}− = (q1q2) (q3Q3)− q1 (q2 (q3Q3)) = q3 {q1, q2, Q3}− + {q1, q2, q3}−Q3 = q3H3,4. (B7)
From Eq. (B7) we have
(q1q2) (q3Q3) =q1 (q2 (q3Q3)) + q3H3,4 = q1 ((q2q3)Q3)− q1H3,18 (3, 2) + q3H3,4 =
− q1 ((q3q2)Q3)− q1H3,18 (3, 2) + q3H3,4 =
− q1 (q3 (q2Q3))− q1 (H3,18 (3, 2) +H3,19 (3, 2)) + q3H3,4.
(B8)
To calculate q1 (q3 (q2Q3))→ (q1q3) (q2Q3) we use the definition (45)
{q1, q3, q2Q3}− = (q1q3) (q2Q3)− q1 (q3 (q2Q3)) = q2 {q1, q3, Q3}− + {q1, q3, q2}−Q3 = q2H3,18 (3, 1) . (B9)
Whereupon we have
−q1 (q3 (q2Q3)) = − (q1q3) (q2Q3) + q2H3,18 (3, 1) . (B10)
Combining Eq’s (B8) and (B10) we have
(q1q2) (q3Q3) =− (q1q3) (q2Q3)− q1 (H3,18 (3, 2) +H3,19 (3, 2)) + q2H3,18 (3, 1) + q3H3,4. (B11)
The similar calculation for the permutation (Q1Q2) (q3Q3)→ (Q1q3) (Q2Q3) give us the following result
(Q1Q2) (q3Q3) =
− (Q1q3) (Q2Q3) + (−H3 +H7)Q3 +Q1 (−H3,10 (2, 3)−H3,13 (3, 2))−H3,10 (1, 3)Q2 −H1q3 = (B12)
− (Q1q3) (Q2Q3) + (−H3 +H7)Q3 +Q1 (−H3,10 (2, 3)−H3,13 (3, 2)) +Q2H3,10 (1, 3) + q3H1. (B13)
From what we see that
H3,10 (1, 3)Q2 = −Q2H3,10 (1, 3) , (B14)
H1q3 = −q3H1. (B15)
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